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Introduction
The concept of reliability equivalence factors was introduced by Råde (1993a,b) . He applied this concept to simple systems that consist of one component or two components connected in series or parallel. Later, Sarhan (2000 Sarhan ( , 2005 and Sarhan et al. (2008) applied this concept to more general systems. Most of the designs considered have components with exponential lifetime distributions although some stud-35 ies applied this concept to other lifetime distributions, such as the Weibull distribution, El-Damcese (2009), gamma distribution, Xia & Zhang (2007) , exponentiated exponential distribution, Abdelkader et al. (2013) and recently Burr-type X distribution, Migdadi & Al-Batah (2014) .
There are two main methods for improving a system's design. The first method is reduction, which involves improving the reliability of the system by reducing the failure rate by a factor ρ for some of redundancy duplication, which involves adding extra components in parallel to existing system components. There are three ways to add extra components to the system: hot duplication; cold duplication with perfect switch; cold duplication with imperfect switch. Sometimes, and for many different reasons 45 such as high cost and space limitation, it is impossible to improve the reliability of the system by the redundancy duplication method. Reliability equivalence factors refer to the factors by which the failure rates of some of the system's components must be reduced in order to attain equality of the reliability of the system with that of a better system. Such information can then provide useful input for planning Q7 various maintenance strategies as discussed by Percy et al. (2010) .
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Series-parallel and parallel-series system configurations are the building blocks for more complicated systems, and an understanding of the analytical processes and optimal strategies involved for these systems enables and informs arbitrary generalization to complex situations. However, only one of these is needed to illustrate the methodology and we choose the series-parallel system here. In this study, we also assume that all the system's components are independent and follow the exponentiated Weibull 55 distribution of Mudholkar & Srivastava (1993) with identical parameters. We choose this distribution because it includes all common shapes of hazard function and because its hazard and reliability are elementary functions. In particular, it includes the monotone hazard function of the Weibull distribution but also permits bathtub and inverted bathtub hazard functions. Special cases of the exponentiated Weibull distribution include the Weibull, exponentiated exponential and Burr-type X distributions men-60 tioned above. Firstly, we compute the reliability function and the mean time to failure (MTTF) of the original system. Secondly, we compute the reliability functions and MTTFs of the systems following improvement according to reduction, hot duplication and cold duplication (perfect and imperfect) methods. Thirdly, we equate the reliability function and the MTTF of the system improved according to the reduction method with the reliability function and the MTTF of the system improved according 65 to each of the duplication methods to determine the reliability equivalence factors. Finally, we illustrate the results obtained with an application example by presenting summary tables and figures. This paper expands considerably upon some preliminary ideas that Alghamdi & Percy (2014) presented, by investigating both survival and mean reliability equivalence factors (MREFs) for a series-parallel system, and both hot and cold duplication methods. 
Series-parallel system
The system we consider here is shown in Fig. 1 and consists of n subsystems connected in parallel, Q8 where subsystem i consists of m i components that are connected in series for i = 1, 2, . . . , n. Such a system is usually referred to as a series-parallel system (El-Damcese, 2009) .
We assume that the lifetimes of all the system's components are independent and follow the expo-
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nentiated Weibull distribution with identical parameters; see Mudholkar & Srivastava (1993) and Lai (2014) . The exponentiated Weibull distribution generalizes well-known lifetime distributions including exponential, Rayleigh and Weibull, and has the desirable properties of flexibility and tractability noted earlier.
Under this assumption, the reliability function for each component
for t 0, as the lifetimes of components are unaffected by failures of other components. Now define R i (t) to be the reliability function of subsystem i. This then takes the form for t 0, so the reliability function of the series-parallel system is
for t 0, and the MTTF of the series-parallel system is given by
Designs of improved systems
The two main approaches for improving a system are reduction methods and standby redundancy (duplication) methods. The latter comprise two variations, hot duplication and cold duplication. Furthermore, cold duplication can be performed with perfect switch or imperfect switch. In this section, we derive the reliability function and the MTTF, primarily for the series-parallel system, when improved according 90 to the methods identified above.
Reduction method
As mentioned in the introduction, the reliability of a system can be improved by reducing the failure rate for some of the system's components by a factor ρ ∈ (0, 1). For the exponentiated Weibull distribution, reducing only the scale parameter α reduces the failure rate. Here, we consider reducing α for a set A of 95 the system's components by a factor ρ ∈ (0, 1), in order to reduce the failure rate (hazard function) for the whole system. This is a logical procedure for the exponentiated Weibull distribution. Define a i (i = 1, 2, . . . , n) to be the number of components in subsystem i whose failure rate is reduced, so a i ∈ {0, 1, . . . , m i } and the cardinality of the set of improved components is |A| = n i=1 a i . By comparison with Equation (2), we see that the reliability function R given by
for t 0 from Equation (1) and by comparison with Equation (3), since the components are connected in series. Then the reliability function of the system takes the form
since the subsystems are connected in parallel. We can then compute the MTTF of this series-parallel system as 105
Duplication methods
Now we obtain the corresponding reliability measures of the system when it is improved by duplication. We derive the reliability function and the MTTF, primarily for the series-parallel system, when improved according to the hot duplication method and the cold duplication methods with perfect and imperfect switches. 
for t 0 from Equation (1), since the components are connected in series. Then the reliability function of the whole system takes the form
for t 0, and the MTTF of this series-parallel system can then computed as 
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Let c i (i = 1, 2, . . . , n) be the number of components in subsystem i, whose reliability is improved according to the cold duplication method with perfect switch, so c i ∈ {0, 1, . . . , m i } and |C| = n i=1 c i . Let s 1 (t) be the reliability function of each component whose reliability is improved according to cold duplication with perfect switch. Regarding a definition of cold duplication with perfect switch, we can describe this improvement as a renewal process with only one renewal (Gamiz et al., 2011) . Using 130 the convolution technique, the reliability function of each component whose reliability is improved according to cold duplication with perfect switch can be derived as follows:
where r() is the reliability function for the exponentiated Weibull lifetime distribution presented in Equation (1). By comparison with Equation (2), we see that the reliability function R
for t 0, from Equation (1), since the components are connected in series. Then the reliability function of the system takes the form
for t 0, and s 1 (t) as defined in Equation (5), since the subsystems are connected in parallel. We can then compute the MTTF of this series-parallel system as 
where r() was defined in Equation (1), and s 3 () is the reliability function for the imperfect switch. The imperfect switch is chosen to have a constant failure rate λ, which means that it has an exponential lifetime distribution with parameter λ and so
The reliability function R
for t 0, from Equation (1), since the components are connected in series. Then the reliability function 155 of this series-parallel system takes the form
for t 0 and s 2 (t) as defined in Equation (6), since the subsystems are connected in parallel. We can then compute the MTTF of this series-parallel system as
Reliability equivalence factors
According to El-Damcese (2009), 'A reliability equivalence factor is a factor by which a characteristic 160 of components of a system design has to be multiplied in order to reach equality of a characteristic of this design and a different design regarded as a standard'. We compute two types of reliability equivalence measures. The first type involves survival reliability equivalence factors (SREFs) and these are determined from the reliability or survival function. The second type involves MREFs and these are determined from the MTTF. 
Survival reliability equivalence factors
The idea of SREFs is to assess what degrees of intervention are required to establish equivalence between the reliability functions of a system whose reliability is improved according to one of the duplication methods and a system whose reliability is improved according to the reduction method.
That is, to derive the SREFs, we have to solve the following set of equations:
for the appropriate reduction factor ρ and time fractile t corresponding to a specified reliability requirement ω. The system of equations in (8) has no closed-form solutions for our problem and we perform the calculations numerically using a mathematical package.
Mean reliability equivalence factors
The idea of MREFs is to assess what degrees of intervention are required to establish equivalence 175 between the MTTF of a system whose reliability is improved according to one of the duplication methods and a system whose reliability is improved according to the reduction method. That is, to derive the MREFs, we have to solve the following set of equations:
for the appropriate reduction factor ρ. The system of equations in (9) also has no closed-form solutions and can be solved using a mathematical package. We used Matlab and Mathcad to derive and compare 180 both sets of results for SREFs and MREFs.
Numerical analysis and results
Suppose that we have a series-parallel system consisting of two subsystems connected in parallel as shown in Fig. 2 . It is easy to imagine systems that display this structure. For example, one of the authors travels to work by train on one of two routes, which comprise two and three stages, respectively, each of 185 which is vulnerable to random failures. The first subsystem that we consider here has two components connected in series and the second subsystem has three components connected in series. This means that n = 2, m 1 = 2, m 2 = 3 and the total number of components is m = 5. All of the system's components are assumed to be independent and identically distributed, with lifetimes that behave according to an exponentiated Weibull distribution with parameters α = 1, β = 2 and θ = 3. We define:
k , i = 0, 1, 2, j = 0, 1, 2, 3 and k = i + j, to represent a reduction method that requires us to reduce the failure rate of i components from the first subsystem and j from the second subsystem;
B (i,j)
k , i = 0, 1, 2, j = 0, 1, 2, 3 and k = i + j, to represent hot duplication methods when i components are added to the first subsystem and j to the second subsystem; 3. C (i,j) k , i = 0, 1, 2, j = 0, 1, 2, 3 and k = i + j, to represent cold duplication methods with perfect 195 switch when i components are added to the first subsystem and j components are added to the second subsystem; 4. D (i,j) k , i = 0, 1, 2, j = 0, 1, 2, 3 and k = i + j, to represent cold duplication methods with imperfect switch when i components are added to the first subsystem and j components are added to the second subsystem.
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For this scenario, in Tables 1-3 the SREFs for hot and cold (perfect and imperfect) duplication are calculated using Matlab according to the above formulae where ω is chosen to be 0.1, 0.5, 0.9 and the imperfect switch has a constant failure rate λ = 0.05. For more discussions based on the results presented in Tables 1-3 , the following conditions may be observed:
• Reducing the failure rate of one component in the second subsystem (which we denote as A ) according to a hot duplication method where the reliability function of the system is chosen to be ω = 0.1; see Table 1 .
• Reducing the failure rate of each component belonging to the set A the system according to a cold duplication method with perfect switch where the reliability function of the system is chosen to be ω = 0.5; see Table 2 . • Reducing the failure rate of each component belonging to the set A
of the system components by setting factor ρ = 0.2177 improves the reliability of the system like adding a set D (2,3) 5 of components to the system according to a cold duplication method with perfect switch where the 215 reliability function of the system is chosen to be ω = 0.9; see Table 3 .
• Missing values of the SREFs mean that it is not possible to reduce the failure rate for the set A of components in order to improve the system reliability to be equivalent with the system reliability that can be obtained by improving the sets B, C, D of components according to duplication methods.
• In the same manner, one can interpret the other results presented in Tables 1-3 .
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Tables 4-6 present the MREFs for hot and cold (perfect and imperfect) duplication. Based on the results presented in those tables, we see that the following conditions hold:
• The modified system that can be obtained by improving the set H • Empty cells of MREFs mean that it is not possible to reduce the failure rate of the set A components in order to improve the MTTF of the system to be equivalent with the MTTF of the system that can be obtained by improving the sets B, C, D of components according to the duplication methods.
• In the same manner, one can interpret the other results presented in Tables 4-6, 230 Table 7 presents the MTTF of the modified systems assuming hot and cold duplication methods, the latter with perfect and imperfect switch, assuming a constant failure rate λ = 0.05. The MTTF of the original system is 1.172. From this table, one can conclude that Table 1 Continued. Table 2 Continued. Table 3 Cold SREFs with imperfect switch (λ = 0.05) Table 3 Continued. Table 5 Cold mean equivalence factors with perfect switch • improving the reliability of all components according to cold duplication with perfect switch gives the best system;
• for the same number of components
where λ = 0.05;
Figures 5 and 6 present the behaviour of MTTF against the appropriate reduction factor ρ. It seems 240 from these two figures that the following conditions holds:
• MTTFs non-decreasing with decreasing ρ for all possible sets A. Table 6 Cold mean equivalence factors with imperfect switch • Reducing the failure rate of one or two components from the first subsystem gives a better system than that obtained by reducing the failure rate of one or two components in the second subsystem; see Fig. 5 . This means that improving a component from the subsystem with the smaller number 245 of components is better than improving a component from the subsystem with the larger number of components.
• Reducing the failure rates of all components in the system gives the best system; see • It is not possible to reduce the failure rate of the sets A
of the system components to reach the MTTF which we can achieve by improving the sets B • Reducing the failure rate of three components in the second subsystem (which we denote as A • Reducing the failure rate of one components in the first subsystem and two components in the second subsystem (which we denote as A
) by setting ρ = 0.390 improves the MTTF of the system like adding two components in the first subsystem and three components in the second subsystem (which we denote as B Table 4 .
• Improving a number of components selected from two subsystems, with equal numbers if they are even, gives a better system than that obtained by improving the number of components selected from the same subsystem or selected from the two subsystems with unequal numbers; see This numerical example clearly generates interesting conclusions for this particular system and Q12 distributional assumptions. More importantly though, it demonstrates the potential for applying these methods to other system structures. It also illustrates how to address specific questions that arise when attempting to improve the reliability of simple systems or simple configurations of possibly complex subsystems in many diverse applications. 
Conclusions
In this paper, we evaluate both the system reliability function and the system MTTF in order to study the reliability equivalence factors for series-parallel systems. These system structures arise often in business and industry and the methodology adapts readily for other forms including parallel-series systems and more complex networks. All the system components are assumed to be independent and 275 identically distributed, according to an exponentiated Weibull distribution, on account of its flexibility and tractability for practical purposes. We discuss four different methods to improve such a system: reduction, hot duplication and cold duplication with perfect or imperfect switch. We derive analytical results for both survival and MREFs of these systems. Some numerical results are then presented for a representative system in order to illustrate how one can apply the theoretical 280 results obtained and to compare the various approaches in this context. Accordingly, detailed recommendations are discussed for improving the system considered in this paper. Although it would be inappropriate to extrapolate these results to other system structures from only this numerical example, we make some interesting observations which suggest patterns that might arise more generally.
We have also identified several extensions of this study that might be worthy of future exploration,
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including comparisons with parallel-series formats and analysis of other important system structures, equivalent systems with non-identical components and simpler systems with dependent components. The methods described in this paper adapt readily to deal with all these other scenarios. Perhaps in conjunction with a meta-analysis of the growing literature on reliability equivalence, we also plan to perform a sensitivity analysis to assess how robust these results are to mis-specifications of 290 lifetime distributions. Another aspect of cold duplication also has practical benefits. This is when the standby component deteriorates during storage with a constant failure rate, so that it may not function Q10 correctly when replacing the original failed component. We are currently investigating practical evidence to motivate and justify such an analysis of random switch operation times and variations of this scenario and hope to publish our results in due course. Original
